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ABSTRACT. This paper proposes a methodology consisting of modified penalty functions and proper parameterization for solving
the least-cost treatment of wastewater. Basically, the penalty functions methods are used to handle constraints and can cause very
ill-conditioning. With the proper penalty parameters, the ill-conditioned is overcome, a smoother optimization can be obtained, and
convergence can be further improved. Once the modified penalty approach is employed, constraints are properly accounted for, and

techniques for unconstrained global optimization can be utilized.
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1. Introduction

Optimization problems often associate with service, de-
sign, planning, scheduling, and so on. A methodology is here
presented to deal effectively with both linear and nonlinear
constrained optimization problems, and that can provide a glo-
bal solution. In some situations, the penalty functions are not
chosen to deal with constraints because the methods frequent-
ly associated with ill-conditioning. Due to ill-conditioning, the
transformed unconstrained function it is difficult to optimize.
Furthermore, these approaches also tend to exhibit to slow con-
vergence. Instead, constraints are treated as objective func-
tions and techniques for solving multi-objective optimization
are utilized (Surry et al., 1995; Fonseca and Fleming, 1995;
Loughlin and Ranjithan, 1997). This technique may affect ne-
gatively the quality of solutions. Moreover, when global opti-
mum is desired, the problems become even more difficult.

The proposed methodology consists of modifying some
penalty functions, and using a parameterization technique for
unconstrained optimization for global optimum. By perturbing
some parameters over the constraints (Charalambous, 1975,
1976, 1978), the optimum can be easily obtained and the con-
vergence is linearly improved. Under some mild assumptions,
the convergence can be further improved by adding a control-
ling parameter. In particular, by properly setting up the control-
ling parameter (Mayorga and Quintana, 1982), the convergence
can be improved without causing ill-conditioning. Other im-
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provement of the penalty function has been proposed (Mayorga
and Quintana, 1985) by adding an auxiliary function to pro-
perly scale the approximated Lagrange multipliers for further
improvement on the convergence. Also, since there are many
parameters involved; updating algorithms for those parame-
ters need to be properly selected.

Since only some methods can guarantee global optimum
while others guarantee only local optima, to obtain such glo-
bal optimum, a method that solves unconstrained optimization
via parameterization and inverse function approximation is
implemented (Mayorga, 2002; Mayorga and Arriaga, 2002).
The method is based on a damped least squares formulation
that allows the development of algorithms for unconstrained
optimization to attain the global optimum.

2. Modified penalty function

Since equality constraints are always active, the follow-
ing improvement of penalty functions considers only inequa-
lity constraints. Let denote X =[x,,x,, ...,x,]" . The constrain-
ed optimization can be written in general form as shown be-
low:

Minimize F(X), (M
subject to g{(X) >0, for j=1 2, ..., m. 2)

The concept of the penalty function method is to solve
the problems by placing constraints to the objective function.
Exterior penalty approach adds penalty parameters for the in-
feasibility and forces the solution to the feasible region while
barrier (or interior) approach adds penalty parameters to en-
sure that the search will not go out of the feasible region. The
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following equation is a transformed unconstrained optimiza-
tion shown below; all constraints are penalized and added into
the objective function term.

P(X)=F(X)+S2<D(g/(X)) 3)

Under some mild assumptions minimizing the above func-
tion will give the same solution as the original problem by de-
creasing close to zero for the interior penalty function and by
increasing close to infinity for the exterior penalty function.
However, doing this can cause ill-conditioned. Another pro-
blem is that it results very slow convergence. To overcome these
disadvantages, if the penalty function is rearranged in order
not to let the value of tending to zero (or infinity), the very ill-
conditioned can be avoided.

A technique for solving equality constrained (Haarhof and
Buys, 1970; Hestenes, 1969; Powell, 1969) had been develop-
ed to overcome the ill-conditioning and the slow convergence
problems. Later the techniques has been extended (Rockafellar,
1974; Fletcher, 1973; Bertsekas, 1974) for the inequalities con-
strained optimizations.

To overcome the ill-conditioning, an amount #, >0 is
perturbed outward the constraints (Charalambous, 1978). Since
X(s,r) isobtainedinregion R, andr;>0, thisgives X*e R, ;
therefore X(s,) and X * are contained in the region R . Ac-
cording to this, it is desired that X(s,7) > X *. Under mild
assumptions the optimum X * will be a strong minimum of
P(X,s,r), which will linearly improve the convergence:

P(X5r) = F(X)+ 25, 0(g,(X) 7)) 4)

Other modifications of penalty functions (Mayorga and
Quintana, 1982) were introduced for more general modifi-
cations of the penalty functions. It resulted that the ill-condi-
tioning was eliminated and convergence was further impro-
ved:

P(X5.r) = FO+ X5, @10, (X) +7,) )

For the modified exterior penalty function, an amount 7
> 0 is perturbed inward for each constraint outside region %, .
The modified exterior penalty function becomes:

P(X5.r) = F(O)+ Y5, 0(h0)g, (1) =7, (©)

By choosing the proper parameters, the penalty function
represents the original problem and also the approximated
Lagrange multipliers are properly scaled. The ill-conditioned is
overcome and the further convergence is linearly improved.
Note that functions ®(x) are 1/u and log(u) are often used
for the interior method and functions max [0, —«] and (max [0,
—u])* are often used for the exterior method. For both penalty
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methods, the function can be selected as:

h()=7, for 7,20 (7)
such that:
H(X)(X -X)-VP(X)=0 ®)

where H(X) is a Hessian matrix of P(X; s, 7).

To update the penalty parameters, for the interior method,
the following algorithm may be employed:

k+1 k
s, =0.1s;" as koo

k+1

k k Sk
r,=r +T/ gJ(XA) as k—w

vk
k+1 sign(g i (X*) _ k
So=107"

T, T, as k—>oo

For the exterior method, the following updating algori-
thm may be employed:

S/M:IOS/.k as k— o

P =gt —r/‘g/(f(") as k— o

J J

vk
k+1 sign(gj(X")) k
=10"" T,

T as k— o

J

Once the constrained optimization is transformed to un-
constrained optimization, the problem can be solved by using
parameterization technique to obtained the global optimum.

3. Parameterization

Although the penalty functions is a continuous nonlinear
function, at the optimum point, some penalty functions act si-
milar to discontinuous functions and some act as continuous
functions. Also the slope near the optimum point is dramatically
changed. This can cause the search becoming violent very easi-
ly. Therefore methods to optimize such functions become more
difficult. Here, the idea of this approach is based on a damped
least square formulation (Mayorga, 2002; Mayorga and Arriaga,
2002) that offers the global optimum.

The technique uses the idea of solving inverse function.
Let R” and R" bethe m- and n-dimensional Euclidean spaces
and V = P(X) where function P(X) is assumed to be at least
twice differentiable.

The concept of this approach is to parameterized vari-
ables x and V by a scalar ¢ €[t,,¢,] where ¢, and ¢, are initial
and final values in a finite interval. Let denote X = X(¢). The
relationship between 7 and X can be expressed as:

V() =P(X() €
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Here the problem can be solved according to the idea that
variable V is set following a desired state transition and try to
calculate the corresponding V. This establishes an inverse re-
lationship from the above equation. Since the above equation
is nonlinear, the analytical inverse relationship cannot be easi-
ly obtained. Therefore, this problem can be treated at the in-
verse functional and rate of change level or indirect fashion.

By differentiating Equation (8), with respect to ¢, we
obtain:

_dV(X() _aP(X) dX()

At X di
=VP(X(1)X(t) (10)
=J(X(@)X()

V()

where J(X) is a Ixn Jacobian matrix. Now let J(X)=
J(X(¢)) . This allows us to be able to compute X (¢) as

X0 =J X)W (11)

where J7(X) isapseudo inverse of the J(X) matrix:
J (X)) =Xy x| (12)

Since function V(f) is not known therefore it may be
estimated. A technique is able to search for a global optimum
was proposed by Mayorga (2002) and Mayorga and Arriaga
(2002). The idea is based on the desire to reduce the value of
P(X) to estimate the final P,(X) and proceed until a glo-
bal optimum is reached. When the search cannot find the low-
er point, it will jump to other valley searching for other opti-
mum. The process continues until the global optimum is found.

PX (1)) - P(X(1,))

r =l

V()= (13)

However, since function P(X(Z,)) is not know; the de-
sired P,(X(¢,)) may be approximated as:

P (X(t,))=aP(X(t,)) (14)
where 0<a <1 is a decreasing ratio for minimization and

a >1 for maximization.
Then the slope V(t) can be computed by:

_aP(X(¢)) - P(X(1,))
1, —t,

40! (15)

Figure 1 shows the parameterization approach performs
searching for the global optimum. The search begins by ini-
tializing X(#)) and computing P(X(#))). The desired path and
the final point P(X(¢,)) are created based on the decreasing

ratio
f(X)
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Figure 1. Parameterization approach searching for the global
optimum.

The algorithm performing along the actual path by com-
puting function X(¢#) and that function X(¢) can be ob-
tained by using an integration method such as the Runge-
Kutta. Once a local optimum is obtained, the algorithm then
jumps along the path to other valley and continues looking for
other local optimum. It jumps once again to other valley look-
ing for another local optimum. Finally the global optimum is
obtained.

However, since this approach involves solving the Jaco-
bian and the Hessian matrices and inverse matrix, it is often
that the singularity occurs when approaching a local optimum.
This will either cause the search being trapped in the local
area or the function becomes ill-condition. Therefore the sin-
gularity avoidance is concerned (Mayorga, 2000; Mayorga
and Sanongboon, 2003).

Here, an exact solution is relaxed and a damped least
squares problem is considered (Mayorga, 2000), by adding
[ =T wzs(X)J(X)]v to Equation (9) the solution in in-
exact context can be given by:

X =T s (X)W =[I =T w2s (X)) J(X)]v (16)

where [is an nxn identity matrix, 0 >0 isa small scalar,
J wzs is a pseudo inverse with a damping factor on the accu-
racy to the exact solution, and v 1is an arbitrary time varia-
tion vector of the same dimension as X (¢) intended for con-
straints compliance or singularities avoidance. The pseudo in-
verse can be obtained from:

T (X)=W I COOWw I (x)+oz7 | 17)
or
Tz (X) =T (X)ZI(X)+ W] T (X)Z (18)
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where W and Z are the positive definite symmetric matrices
that allow invariance to frame reference and scaling. In some
cases W is usually diagonal matrix.

The idea of using the nullspace vector v is to maximize
the quadratic form of the Hessian matrix in order to satisfy the
optimality conditions for the global optimum such that when v
is positive definite, the algorithm is in a convex hull of the
function. From Equation (17), if & =0, the inexact equation
be- comes exact solution. The nullspace vector is given by:

vi= —1(—8"“2""“‘)} (19
2 Ox,

where a scalar k(x,,x,) is a side criterion that is desired to
be optimized. If we suppose that it is desired to decrease mo-
notonically a function 3 over interval [7,,7,] by selecting:

H(X,X)=2y

29X) (20)
oX

where y is an appropriate scalar [17]. Thus the nullspace vec-
tor becomes:

os(x,.x, i
e (0 HOY) b

V. =

' ox,

where H(X)= H(X(¢)) isa Hessian matrix of an objective
function P(X) . The formulation for constrained optimization
has been derived:

oow (X + oz |g=V - J(X)w (22)

The above equation involves the dynamic solution of a
system in a form of A(X)p=b where A= [J(XOW T (X)
+6Z7'] and b=V —J(X)v . Therefore:

AX)p=V —J(X)v (23)

and that function ¢ can be solved by a Gaussian elimination
process to obtain A(X)™ such that ¢=A(X)"|V -J(X)v|.
According to some math process expressed in [17], X can be
computed by:

X=w'J (X)p+v (24)

For parameters selection, parameters f serves as a sin-
gularity avoidance. The large enough S selected will make the
matrix [J(X)J(X)"]" notbecoming ill-conditioned; the small
enough f selected will make the problem with singularity avoi-
dance still representing the original problem. Therefore, f =
877" =diag[J(X)J(X)"T" may be chosen. Matrix W is a
diagonal matrix to increase the value of J(X)W'J'(X) forthe
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reason as selecting . Here, || J(X)J(X)" ||-/ may be selected.
For parameter y, if too large y is selected, the global minimum
may not be obtained. However, < 1/(X'H(X)X)" may be
utilized. Parameter & may be selected in the range of 1 to 5.
The smaller value will give more precise solution while large
value may lead to ill-conditioned. For selecting a, o = 0.7 —
0.9999 is recommended for minimization.

Thus far, the modified penalty functions and parameteri-
zation have been expressed. In the next section, an algorithm
of the proposed methodology will be illustrated.

4. Algorithm

Refer to Equations (1) and (2), the problem is to mini-
mize a nonlinear function subject to constraints. The algori-
thm starts with the penalty function process. The desired Py(X)
is estimated from the current penalty function Py(X). Then com-
pute functions V(X), J(X), J'ws(X), H(X), 6Z", and
v. Then compute X(#) . Finally the Runge-Kutta method is
used to obtain X(¢). The integration process is terminated
when an absolute error of the penalty function P(X) is less
than the stopping criterion ¢ ; otherwise the penalty parame-
ters are updated according to the global strategy.

Step 0: Set k£ = 0, initialize X (¢), s, 7, T and select &, a, J, 7, &,
Z,and W.

Step 1: Compute P(¢) .

Step 2: Set £ =0.

Step 3: Set ¢t = ¢y and X(?) = X;.

Step 4: Estimate P, (X (¢,)) = aP(X(Z,)) -

Step 5: Compute I =[P, (X (z,)) - P(X (t, )Nz, —1,) -

Step 6: Compute J(X), J “wzs (X), and H(X).

Step 7: Compute 5Z ' and null space v. If X()H(X)X(?) < &,
then 6Z' and v as shown Equation (21); otherwise 6Z"' = 0
and v=0.

Step 8: Compute 4(X) according to Equation (23).

Step 9: Compute ¢ = A(X) ' [V —J(X)V].

Step 10: Compute X (¢) according to Equation (24).

Step 11: Obtain X, (#) using the Runge-Kutta me- thod.

Step 12: Check stopping criterion of the integration loop. If
|P(Xm_(t)) - P(X(t))| >¢,then t=t+1 and go to step 6;
otherwise X(¢,)=X,,(¢) and go to step 13.

Step 13: Set )?(k) =X(,).

Step 14: Compute F(X (k) .

Step 15: Check stopping criterion of the penalty loop. If
|F(X k)-F(X (k))| >¢ , then update penalty parameters and
set k=k+1 and return to step 1; otherwise X*= X(k)

and F*=F.

5. Implementation

In this section, the methodology is used for solving some
problems. This constrained optimization problem is nonlinear
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and has many local optima. A result obtained from the pro-
posed methodology is compared to ones obtained from the
steepest descent, quasi-Newton, the simulated annealing, and
the genetic algorithm:

Minimize f(x) = 3(1-x,)*expCx,” —x,") —10();‘—x13 —XZSJ.
2 2 l 2 2
exp(—x,” —x,°) —Eexp —(x,+D)"=x,” J+10 (25a)

subjectto g(x) = —2(x,—4)+3(x,-1)=0 (25b)

The exterior penalty method is chosen as ®(u) = (max [0,
—u])*. The starting point is X = [-0.5, 2.0]. The parameters are
chosen as &= 0.9, §=0.001, c=3, ¢= 10~ and step size Of
0.01. The result is shown in the following figure.

Figure 2. Solving constrained optimization problem using
the proposed methodology with singularity avoidance.

As shown in Figure 2, the staring point (point 1) is lo-
cated near a local optimum and far from the global optimum
(point 6). The search then moves to points 2, 3 and 4 very
quickly. It moves back and forth in area 4 before jumps out
off the valley (point 5) and continues converging to the global
optimum. It keeps moving in this area until the stopping cri-
terion is met at f{x) = 3.7566.

Table 1. Peak Function with Constraint

Approach xr* x* S
Steepest descent —5.1440 8.8174 10.0000
Quasi-Newton —5.1440 8.8174 10.0000
Simulated annealing 0.2706 —-1.4789 3.7566
Genetic algorithm 0.1108 —1.5007 3.8837
Proposed methodology 0.2472 -1.6207 3.4523

The result obtained from the proposed methodology is com-

pared to ones obtained from the steepest descent, quasi-New-
ton, the simulated annealing, and the genetic algorithm. It
shows that the steepest descent and quasi-Newton fail to
converge to the global optimum while the proposed metho-
dology converges to the global optimum as the simulated
annealing and the genetic algorithm.

6. Least-Cost Treatment of Wastewater

In this section, the proposed method is used for solving
the least-cost treatment of wastewater (Chapra and Canale,
2002). As shown in Figure 3, wastewater discharge from big
cities are considered a major cause of river pollution. In this
paper, a system consists of four cities located on a river and
its tributary. Each city generates pollution to the river at a load
ing rate P (mg/d). The loading is subject to waste treatment
that results in a fractional removal x. The discharge W; from
cities enters the stream and mixes with pollution from up-
stream sources. The concentration at discharge point is esta-
blished and then the chemical and biological decomposition
processes can remove some pollution out from the river. Note
that the headwaters are assumed to be pollution-free.

R

WTF‘ B

\ \*WWTP\ /

N

wwie Q; W4

Fa/ \

Figure 3. Four wastewater treatment plants discharging
pollution to a river system.

The waste treatment costs $1,000/mg removed at each
facility. The total daily treatment cost ($1,000/d) can be then
estimated as d Px, +d,Px, +d,Px, +d,Px,. The parame-
ters for the wastewater treatment plants are shown in the fo-
llowing table.

All factors shown above can be combined into the fo-
llowing optimization problem to determine the treatment levels
that meet the water quality standard for the minimum cost:

Minimize F(x)=d Px, +d,P,x,+d Px,+d,Px, (26a)

(l_xl)Pl

<0 26b
) o0

Subjectto g, (x)=cs, —
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Table 2. Parameters for Four Wastewater Treatment Plants Discharging Pollution to a River System

City Pollution loading Treatment cost: d; Concentration: ¢; Flow: Q; Fractional Standard concentration
rate: P; (mg/d) ($10°%/mg) (mg/L) (L/d) reduction factor: R limits: cs (mg/L)
1 1.0 x 10° 2 100 1.0 x 10’ 0.5 20
2 2.0 x 10° 2 40 5.0x 10 35 20
3 4.0 x 10° 4 473 1.1 % 107 0.6 10
4 2.5x%10° 4 22.5 2.5% 10 - 10
Table 3. Results of Least-Cost Treatment of Wastewater
City Linear programming Pattern search GA Proposed methodology
x* c x* c x* c
1 0.8000 20.0000 0.8000 20.0000 0.8000 19.9986
2 0.5000 20.0000 0.500 20.0000 0.5000 20.0000
3 0.7500 20.0000 0.7500 20.0000 0.7500 20.0000
4 0.2487 20.0000 0.2487 20.0000 0.2487 20.0000
Total cost $18,087 $18,087 $18,087
_ (1-x,)P, <0 2% The proposed methodology can be improved in certain
g (x)=cs, - 0 = (26¢) ways. First, it may be implemented on multi-objective con-
2 . . . . .
strained optimization problems. For further improvement, para-
g,(x)=cs, — ROc + RQc, +(1-x,)P, <0 (26d) meter selection may be done to improve quality of the solu-
0, tions. The proposed methodology requires computing the Jaco-
() = s, - RO, +(1-x,)P, <0 2 bian and Hessian matrices to obta}n the global optimum. This
g,(x)=cs, 0 = (26¢) bottle neck may be eliminated or improved by adopting some
4 techniques such as an artificial neural network may be utilized
0<x,x,,x,x, <1 (26f) to reduce computational complexity.

The problem was solved using the proposed methodology.
The results are shown in the table below. For the proposed
approach, the penalty parameters are updated for four times
according to the global strategy. The parameters used for this
problem are = 0.8, 6= 107, p= 10* =5, y= 1072, &=
107°, and step size of 0.1. The minimum is obtained from the
proposed methodology is f{x) = 18,087 which is the same with
the results obtained from methods using MATLAB toolboxes
including linear program- ming and a pattern search genetic
algorithm based technique.

6. Conclusions

A methodology for constrained optimization has been
presented. A modified penalty function is used to handle con-
straints and the parameterization technique is used to optimize
the nonlinear function. The improved penalty method elimi-
nate the ill-conditioning and improve the convergence. A trans-
formed unconstrained optimization is then solved for the glo-
bal optimum. The proposed methodology has been imple-
mented for solving the peak function and least-cost treatment
of wastewater. The results show that the proposed metho-
dology is able to search for a global minimum regardless of
selecting proper starting point. This is because of the ability to
jump out the local valley. Also because of the singularity avoi-
dance, the algorithm will not become ill-conditioned when ap-
proaching the local minimum.
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