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ABSTRACT. Change-point analysis of time-series data plays a vital role in various fields of earth sciences under changing environments.
Most of the analysis approaches were usually designed to detect the change-point in the level of time-series mean. In this study, we aimed
to propose a non-parametric approach to detect the change-point of different parameters of time-series data. In this approach, the Boot-
strap method, coupling with Kernel density estimation, was first used to estimate the probability distribution function (pdf) of a parameter
before and after any potential change-points. Second, the Ar-index based on the uncross area of the two pdfs was designed to quantify
the difference of the parameter before and after each potential change-point. Finally, the potential change-point owning the largest 4r-
index value was determined as the locations of the change-point of the parameter. The hydrological extreme series from four stations in
the Hanjiang basin were used to demonstrate this approach. The Pettitt test method commonly used in hydrology was employed as a
comparison to indirectly analyze the reliability of the proposed approach. The results show that change-point detected by the proposed
approach in the four stations are identified with those detected by the Pettitt approach in the level of time-series mean. But in comparison
with the Pettitt test, the proposed approach can provide more detection information for other parameters, such as coefficient of variation
(Cv) and coefficient of skewness (Cs) of the series. The results also show that the degree of change in the series mean is greater than its

Cv and Cs, while the degree of change in series Cv is greater than its Cs.
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1. Introduction

Time-series data nonstationarity analysis, including series
temporal trend and change-point detection, has been an impor-
tant research content in various fields of earth science under chang-
ing environments (Burn and Elnur, 2002; Zhang et al., 2007,
Milly et al., 2009; Engstrén and Waylen, 2017; Lcpez et al.,
2017; Hu et al., 2021). In the field of hydrology, numerous pub-
lished studies from around the world have demonstrated that
the hydrological series exhibited significant nonstationarity char-
acteristics, such as increasing/decreasing trend, upward/down-
ward shift or a combination of them, due to the impact of cli-
mate change and human activities over the past decades (Per-
reault et al., 1999; Xiong and Guo, 2004; Narisma et al., 2007,
Wang et al., 2016). It is necessary to mine the hydrological time-
series nonstationarity characteristics, which is useful for ana-
lyzing climate change (Zhang et al., 2007; Murumkar and Arya,
2014), understanding the evolution laws of the hydrological event
(Yang and Tian, 2009; Ben et al., 2014; Sarhadi et al., 2016; Hu
et al., 2019) and guiding water resource engineering planning
and operation in changing environment (Pina et al., 2016; Fer-
guson et al., 2018; Volpi et al., 2018).
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To analyze the change-point in hydrological time-series,
several typical approaches have been commonly applied, such
as Lepage Test (Lepage, 1971; Azizabadi and Khalili, 2013),
Wilcoxon rank-sum test (Wilcoxon, 1945; Hao et al., 2016),
Petitt test (Petitt, 1979; Liang et al, 2018; Hu et al., 2021), and
Bayesian model (Perreault et al.,1999; Xiong and Guo, 2004).
The Lepage test is a non-parametric and two-sample approach,
which can be used to detect whether there is a significant differ-
ence between the studied two samples in the mean of the data
series (Azizabadi and Khalili, 2013). The Lepage test requires
that the sample size of the studied data series should be not less
than ten and assumes that the Lepage statistic follows the Chi-
squares distribution with two degrees of freedom (Lepage, 1971).
Theoretically, the Lepage test can be applied to detect multiple
change-points of the studied series. However, the location of
the detected change-point is influenced by time windows of dif-
ferent lengths, which leads to uncertainty in the identification
of change-points (Chen et al., 2009). The Wilcoxon rank-sum
(WRS) test is a non-parametric alternative to the two samples
t-test, which can be applied to identify whether two samples
come from the same population (Wilcoxon, 1945). In compari-
son with the t-test which assumes that sample data is subject to
a normal distribution, the WRS test can be used for unknown
distributions and an assumed distribution is not necessary (Li
et al., 2018). The WRS test is based solely on the rank in which
the observations from the two groups of samples before and af-
ter the potential change-point fall (Hao et al., 2016). The WRS
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statistic follows approximately a standard normal distribution.
Significance change-point indicated that the series mean before
and after the change-point are significantly different. Pettitt test
is also a non-parametric distribution-free approach, which has
been widely reported in various published papers for change
detection in both rainfall and streamflow data (Sagarika et al.,
2014; Engstrém and Waylen, 2017; Liang et al., 2018). This
approach can not only detect the location of the change-point
but also test whether the detected change-point is significant at
a given significant level (Pettitt, 1979). However, the change-
point provided by the Pettitt approach is also in the level of the
series mean (Ma et al., 2008). Another typical approach is the
Bayesian test model, which is a parametric test approach. It al-
lows for the detection of multiple change-points in a time series.
Although the Bayesian model is highly robust in identifying
change-point, it should be pointed out that some Bayesian mod-
els require normality of time series with a relatively light tail
for the convenience of mathematics (Xiong and Guo, 2004; Chen
et al., 2009). Thus, the Bayesian test should be carefully applied
to the time series following the skewed distribution with a heavy-
tailed. For non-normal time series, the Box-Cox transformation
(Box and Jenkins, 1976) must be employed to transform the orig-
inal data series into a new series with a normal distribution (Xiong
and Guo, 2004). Other change-point analysis approaches in-
clude the Brown-Forsythe (Brown and Forsythe, 1974), Lee-
Heghinian (Lee and Heghinian, 1977), Sequential Clustering
(Ding, 1986), Lombard (Lombard, 1987) and fused lasso ap-
proach (Jeon et al., 2016). In recent years, the nonstationarity
analysis for multivariate hydrological series receives more and
more attention (Xiong et al., 2015). However, considering that
our study is limited to univariate hydrological series, we do not
discuss too much about the change-point analysis in multivari-
ate scenarios.

Although many approaches have been proposed to ana-
lyze the location of change-points of univariate time series, it is
worth noting that most of these approaches usually cannot make
clear which parameters in the hydrological series change, in-
stead of just providing the year in which a time series break, or
usually were designed to detect the change-point in the mean
levels of a time series. Most approaches are impossible to de-
tect whether other parameters change apart from the series mean,
such as the coefficient of variation (Cv) and the coefficient of
skewness (Cs) of a series. However, to identify the changing
characteristics of different parameters of a series is essential for
gaining a deep understanding of the changing features of the hy-
drological series. For example, an increase in the Cv of extreme
series after a change-point usually indicates that the possibility
of extreme events tends to increase in the future period. Besides,
when employing a nonstationary hydrological frequency analy-
sis model to analyze the return level of extreme precipitation or
flood under changing environment, it should make clear which
parameters of distribution change and how each parameter
changes with some covariates (Strupczewski et al., 2001; Rootzen
and Katz, 2013; Hu et al., 2018; Liang et al., 2018).

This study was aimed at developing a non-parametric ap-
proach to detect change-points of multi-parameters of a time se-
ries. This objective was threefold: (1) to describe the probabili-
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ty distribution characteristic of a parameter of interest before
and after a potential change-point by using Bootstrap method
coupling with the Kernel density estimation; (2) to design an in-
dex to quantify the difference of the parameter after and before
the potential change-point; (3) to identify the most-likely loca-
tions of the change-points of multi-parameters of a series and
assess its significance. Finally, the peak flow series from four
stations of the Hanjiang basin in China were used to demon-
strate this proposed approach.

The remainder of the paper was organized as follows: In
section 2, we introduced the methodologies used in this study.
In section 3, the study area and used data from four stations
were described. In section 4, Results were presented. Finally,
the main conclusions were summarized.

2. Methodologies

2.1. Bootstrap Method

The bootstrap method is a non-parametric resampling tech-
nique with replacement. It has been commonly used for infer-
ring the expectation, standard deviation or distribution of a pa-
rameter estimate of interest. The idea behind the bootstrap method
is that the sample series is the best guide to the underlying true
distribution even when the information about the true distribu-
tion is lacking (Efron, 1992; Hu et al., 2013). It does not need
the assumption of the true distribution followed by the sample
series and only depends on the sample series itself. Here, the
Bootstrap method will be used to generate larger numbers of es-
timates of a parameter of interest of a hydrological series before
and after a potential change-point.

Taking series mean Ex and variance o of a series as an ex-
ample, for a given known distribution function F(x), the statis-
tic parameter Ex and o can be calculated by (Hu et al., 2015):

Ex= T xdF (x)

(x—Ex)zdF(x) ey

O =

8 =38

Supposing a sample series X = (X;, Xz, ..., X;) without
knowing its true distribution function. The empirical cumu-
lative distribution function (CDF) Ifn of the sample series can be
described as the following:

Zn:I (x <x) )

where I(+) is the indicator function, /() = 1 if x; < x, otherwise,
I(-)=0.

Then, the mean Ex and variance 6 of the sample can be
estimated by using its empirical CDF:

Ex = T xdF, ()
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(x—Ex)*dF, () 3)

O = n

8 =8

Resampling N groups of new samples with replacement
from the original time series X = (X1, Xa, ..., X,), called Boot-
strap samples. Based on these Bootstrap samples, N groups of
estimates of Ex and o can be calculated by using Equations (2)
~ (3). Finally, the distribution of the parameters E, and o are
approximated by the empirical CDF of their N estimations,
separately (Hu et al., 2013, 2015).

2.2. Kernel Density Estimation Method

Kernel density estimation (KED) is one of the non-para-
metric density estimators, which learns the shape of the density
from the data automatically and does not need the assumption
that the underlying probability density function (PDF) is from
a parametric family (Parzen, 1962). Here, the Kernel density
estimation will be used to fit the bootstrap-based parameter es-
timation samples to obtain the distribution of the parameter
estimate.

Let X1, X», ..., X, be an independent and identically dis-
tributed random sample from an unknown distribution F(x) with
probability density function f{x), which is to be estimated, then
the KED can be defined as (Parzen,1962):

f}(X)=%2K[X;Xij @)

where K(-) is the kernel function, which controls the weight giv-
en to the observations {X;} at each point X based on their prox-
imity; 4 is a smoothing parameter known as the bandwidth, and
it controls the size of the neighborhood around X; » is the size
of the sample series. In this study, the most widely used Gauss-
ian kernel is used as the kernel function:

K(y) = ——exp| L )
N2rx 2
Thus, the KED of the variable X can be expressed:
; 181 1 x=xY
f(X)=—) —exp| ——=| —= 6
00=23 p{z[h” ©

The optimal smoothing parameter 4 can be estimated by
the following Equation (Nosratabadi et al., 2019):

.[[K(x)z dx} ’
nokz.[[f"(x)]2 dx

h= @)

where o, is the standard deviation of the kernel function K(-).

For a Gaussian kernel, the optimal smoothing parameter /

can be simply calculated by the following Equation (Nosrataba-
dietal., 2019):

h=1.06sn"* (8)

where o is the standard deviation of sample data.

2.3. Ar-Index-Based Approach for Parameter Change-
Point Detection

Supposing the series X, Xa, ..., X, is divided into two dif-
ferent subseries based on a potential change-point at the loca-
tion of 7, the before-point series x4, Xz, ..., X, is called S1 and the
afterpoint series X.+1, Xz, ..., X is called S2. Resampling from the
original sample S1 and S2 for N repeats by using the Bootstrap
method, separately. Then N groups of Bootstrap samples of S1
and S2 can be obtained. Based on each of the N groups of Boot-
strap samples, one corresponding estimation of a parameter of
interest of S1 and S2 can be obtained, such as mean (Ex), coeffi-
cient of deviation (Cv) or the coefficient of skewness (Cs). There-
fore, N estimations of the given parameter can be obtained. In
this study, the Linear-Moment method (Hosking and Wallis, 1997;
Liang et al., 2014) is applied for estimating the parameters of
Ex, Cv and Cs. Finally, the KED is employed to calibrate the es-
timation samples of the above three parameters of the series S1
and S2 to obtain their continuous pdfs. The similarity degree of
the parameter before and after the change-point 7 can be quan-
tified by using the cross area of the two pdfs of S1- and S2-
based estimation of the given parameter (Figure 1).

If there is only one cross point of the two different pdfs of
the parameter related to S1 and S2 (Figure 1(a)), the cross area
(CAr) is calculated by:

CAr:L: fB(y)dy+L+w f.(y)dy ©)
where f4(+) and f3(-) are the pdfs of the parameter related to the
after-point and before-point series estimated by using the Boot-
strap method and Kernel density estimation method, separately;
a is the location of the cross point.

If there are two cross points (Figure 1(b)), the cross area
(CAr) is calculated by:

car=|" f(y)dy+ [ fa(y)dy+ [ fa(y)dy (10)

where a and b are the first and second locations of the two cross

points. For other cases with more than two cross points, the cal-
culation procedure is similar.

The uncrossed area Ar was calculated by using Equation
(11), which was employed to quantify the difference between
the before-point pdf and after-point pdf, and further to assess
the parameter change degree before and after the change-point:
Ar=1-CAr (11)

The uncrossed area Ar is located in the interval [0, 1] as
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Figure 1. Diagram for calculating the cross area of the two different PDFs of a parameter of interest before and after the change-
point: (a) one cross point case, and (b) two cross points case.

(CAr) € [0, 1] calculated by Equation (9) or (10). 4r =1 indi-
cates that the two pdfs are completely different from each other,
while 4r = 0 indicates that the two PDFs are completely con-
sistent with each other. The larger the uncrossed area Ar, the
more significantly different the parameter before and after the
change-point.

Setting a series of potential locations of the change-points
of the observation series, i.e.,{z,,7,, ", 7,}, then for a param-
eter of interest, the 4r-index value corresponding to each po-
tential change-point can be calculated, i.e., {Ar, Ar,,---, Ar }.
The location of the change-point of the parameter can be deter-
mined by choosing the one owning the biggest Ar value:

v =7(max{An,Ar,,---, Ar, }) (12)

2.4. Significance Test of Parameter Change-Point

After using the Ar-index to identify the most-likely change-
point location of a parameter of interest, it is necessary to deter-
mine whether the change-point is significant. After obtaining
the location of the change-point, the empirical cumulative dis-
tribution function of the parameter related to the after-point and
before-point series can be calculated by using the Bootstrap
method mentioned in section 2.1. If there is a significant differ-
ence between the after-point and before-point distribution of
the parameters, it means that the change-point of the parameter
at this location is significant. In this study, the Kolmogorov-
Smirnov (K-S) test was used to analyze whether the before-point
and after-point distribution of the parameter changes signifi-
cantly, and then to evaluate whether the parameter has a signifi-
cant change at the most-likely change-point position. The K-S
test is a non-parametric statistic, which defines the largest abso-
lute difference between the two cumulative distribution func-
tions as a measure of disagreement. The K-S test can be de-
scribed as the follows (Wang et al., 2011):

n

D (13)
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where F, and F, are the after-point and before-point distribu-
tion of the parameter, respectively; & is the absolute difference
between the two distributions.

For a given significance level a, the corresponding thresh-
old value of the K-S statistical is calculated:

D, = _lm(ﬁj
2 2

where n and m are the number of samples used to calculate the
after-point and before-point empirical distribution of the pa-
rameter.

n+m
nm

(14)

If D, is greater than or equal to D,, it indicates that there
is a significant difference between the two distributions at the
significance level a. That is, the change-point of the parameter
at this location is significant. Otherwise, the change-point is not
significant.

3. Study Area and Data

The peak flow series from four stations in the Hanjiang
basin in China were used in this study. The four stations were
XinDianPu, GuoTan, HuangLongTan and HuangZhuang. The
period and size of the four peak flow series were listed in Table
1. Figure 2 shows the location of the four stations.

Figure 3 presents the time series diagrams of the four peak
flow series, respectively. It seems that the peak flow series in
XinDianPu, GuoTan and HuangZhuang have a possible change-
point at about 1985 while the HuangLongTan has it at about
1990.

4. Results

For the three parameters Ex, Cv and Cs, the Ar-index value
related to each of the given potential change-points were cal-
culated. The search range of potential change-points of the four
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Figure 2. The location of the four stations in the Hanjiang basin in China.

peak flow series was listed in Table 1. The calculation results
of Ar-index values, corresponding to the three parameters in dif-
ferent potential change-points, were presented in Figure 4. It
can be seen that for different potential change points, the corre-
sponding Ar-index values of the three parameters were differ-
ent.

Table 1. Basic Information of the Four Stations and the Set of
Search Range of Potential Change-Points

Names Ob§erved S_ample Search range
period size

XinDianPu 1953 ~2014 62 [1963, 2004]

GuoTan 1957 ~ 2014 58 [1967, 2004]

HuangLongTan 1953 ~2014 62 [1963, 2004]

HuangZhuang 1954 ~2014 61 [1964, 2004]

Table 2. Results of the Change-Point Detection Using the Ar-
Index-Based Approach and Pettitt Approach

Ar-based method

Pettitt method

Names Parameter Location Location
XinDianPu Ex 1983 1983
Cv 1994
Cs 1964
GuoTan Ex 1984 1984
Cv 1974
Cs 1968
HuangLongTan Ex 1991 1991
Cv 1977
Cs 1999
HuangZhuang Ex 1984 1984
Cv 1966
Cs 1991

Table 2 presents the change-point detection results ob-
tained by the 4Ar-index-based approach. It can be seen that for
the XinDianPu, GuoTan, HuangLongTan and HuangZhuang
station, the location of the change-point of the three parameters
(Ex, Cv, Cs) was at (1983, 1994, 1964), (1984, 1974, 1968),
(1991, 1977, 1999) and (1984, 1966, 1991), respectively. This
indicates that the change-points of the three parameters of each
of the four series are at the different locations, which cannot be
detected if using the commonly used change-point test, i.e.,
Pettitt test, because they only can detect the location of the
change-point in the level of the series mean instead of to detect
other parameters changes. Moreover, it can be also found that
the change degree of the parameter Ex was more obvious than
the parameters Cv and Cs, while the change degree of the pa-
rameter Cv was more obvious than the parameter Cs.

Given that the Pettitt approach has been commonly used
for detecting the change-point in hydrology, the detection re-
sults of the change-point using the Pettitt approach was provid-
ed as a comparison with those obtained by the Ar-index-based
approach in the level of series mean. As can be seen in Figure
5 that the Pettitt-based change-point locations of the four peak
flow series were in 1983, 1984, 1991 and 1984, respectively
(Table 2), which were in accordance with the 4r-index-based
detection results in terms of the parameter Ex. However, com-
pared to the Ar-index-based approach, the Pettitt approach can-
not detect if other parameters change other than the series mean.

Based on the locations of the change-point detected by the
Ar-index-based approach and the Pettitt approach (Table 2), the
corresponding pdf of the parameters Cv and Cs before and after
the change-point, called them as before-point pdf (BPP) and af-
ter-point pdf (APP), were estimated by using the Bootstrap method
coupling with Kernel density estimation mentioned in section
2. It should be noted that the Pettitt approach cannot detect the

69



Y. M. Hu et al. / Journal of Environmental Informatics 42(1), 65-74 (2023)

(a) XinDianPu

GuoTan

15000
10000

5000

1984

1960 1970 1980 1990 2000 2010
(c) HuangLongTan

0
1960 1970 1980 1990 2000 2010
«10%  (d)HuangZhuang

Peak flow (

Time (Year)

1960 1970 1980 1990 2000 2010

1960 1970 1980 1990 2000 2010
Time (Year)

Figure 3. Time series diagrams of the peak flow in the four stations: (a) XinDianPu station, (b) GuoTan station, (c)
HuangLongTan station, and (d) HuangZhuang station.
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Figure 4. Results of the Ar-index values for the parameters EX,

stations: (a) XinDianPu station, (b) GuoTan station, (c)

change-point of parameters Cv and Cs, here for comparison pur-
poses, assuming that the change-point of Cv and Cs are the
same as the series mean provided by the Pettitt approach. As
can be seen in Figure 6. that for a given parameter in each of
the four stations, the cross area of BPP and APP at the location
of the Ar-index-based change-point was less than that at the lo-
cation of the Pettitt-based change-point. That is, the difference
between the BPP and APP provided by the 4r-index-based ap-
proach was more significant than that provided by the Pettitt
approach. This indicates that the change-point detected by the

70

Assumed change points (Year)

Cv and Cs at the different potential change-points for the four
HuangLongTan station, and (d) HuangZhuang station.

Ar-index-based approach is more reasonable than that obtained
by the Pettitt approach.

For the parameters of Cv and Cs of the four stations, the
Pettitt-based and 4Ar-index-based uncrossed area values be-
tween BPP and APP were presented in Table 3. Taking the Xin-
DianPu station as an example, in terms of the parameter Cv, the
uncrossed area between BPP and APP was 0.44 in the Pettitt-
based point (1983) and 0.63 in the Ar-index-based point (1994),
while in terms of the parameter Cs, the uncrossed area was 0.07
in the Pettitt -based point (1983) and 0.65 in the Ar-index-based
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Figure 5. Results of the Pettitt statistic at the different potential change-points for the four stations: (a) XinDianPu station, (b)
GuoTan station, (c) HuangLongTan station, and (d) HuangZhuang station.
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Figure 6. The pdf of the parameters Cv and Cs before and after the change-point related to the Ar-index-based approach marked
with the symbol “Ar” and the Pettitt approach marked with the symbol “P”. The smaller the cross area of the two pdf, the greater
the difference of the parameter before and after the change-point. The subfigures are for (a) XinDianPu station, (b) GuoTan
station, (c) HuangLongTan station, and (d) HuangZhuang station, respectively.

point (1964). The larger the uncrossed area, the more obvious the and Cs of each peak flow series are significant at the 5% signif-
difference of the parameter between the BBP and APP. icance level. The results from Table 4 show that the Ar-index-
The non-parametric Kolmogorov-Smirnov test was used based change-points of the three parameters are significant at

to analyze whether the change-points of the parameters Ex, Cv the 5% significance level.
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Table 3. Pettitt-Based and Ar-Index-Based Uncrossed Area of
the Parameters Cv and Cs of the Four Stations

Pettitt- Ar-index-
. based based
Station Parameter uncrossed uncrossed
area area
XinDianPu Cv 0.44 0.63
Cs 0.07 0.65
GuoTan Cv 0.58 0.91
Cs 0.46 0.76
HuangLongTan Cv 0.95 0.99
Cs 0.82 0.95
HuangZhuang Cv 0.81 0.94
Cs 0.75 0.88

Table 4. Results of the Change-Point Significance Test by
Using the K-S Method

pyR—
Ar-index-based method 5% significance

Names level
Parameter Location if significance
XinDianPu Ex 1983 Yes
Cv 1994 Yes
Cs 1964 Yes
GuoTan Ex 1984 Yes
Cv 1974 Yes
Cs 1968 Yes
HuangLongTan Ex 1991 Yes
Cv 1977 Yes
Cs 1999 Yes
HuangZhuang Ex 1984 Yes
Cv 1966 Yes
Cs 1991 Yes

5. Conclusions and Discussion

In this study, a non-parametric approach was proposed to
detect the change-points of multi-parameters of time-series da-
ta. In this approach, the Bootstrap method was first employed
to generate larger numbers of estimations of a parameter of in-
terest before and after a potential change-point. Then the Ker-
nel density estimation was used to fit the Bootstrap-based pa-
rameter estimation samples to obtain the probability density func-
tion (pdf) of the parameter before and after the given potential
change-point, called before-point pdf and after-point pdf. Based
on the two pdfs, an Ar-index was designed to quantify the dif-
ference between the before-point pdf and after-point pdf related
to a potential change-point. The potential change-point owning
the largest Ar-index value was determined as the most-likely
change-point of the parameter of interest. Finally, the Kol-
mogorov-Smirnov (K-S) test was used to evaluate whether the
parameter has a significant change at the most-likely change-
point position.

To demonstrate the applicability of this proposed approach,
the annual maximum peak flow series from the four different
stations were used. The results show that the change-points de-
tected by the Ar-index-based method are the same as those de-
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tected by the commonly used Pettitt approach in the level of se-
ries mean. But in comparison with the Pettitt approach, the Ar-
index-based approach can provide more detection information
for any parameters, not limited to the parameters mentioned in
this study, which is of great importance for more fully under-
standing the change characteristic of hydrology series.

The proposed approach was a non-parametric-distribution-
free method, which has no requirement on which distribution
function the time series follows. The approach can be used to
detect the location of change-point of any parameters of a time
series, not limited to the mentioned parameters in this study
including Ex, Cv and Cs. The approach was developed based
on the probability density function of a parameter of interest.
Thus, to a certain extent, the approach can consider the impact
of limited sample length on the reliability of detection results,
because it depends on the distribution of the parameter instead
of its point estimates, which may be useful for reducing the ef-
fect of series length on detection results.

In addition, in our demonstrative examples, the most wide-
ly used Gaussian kernel with high robustness was applied in
Kernel density estimation for obtaining the continuous pdfs of
the estimation samples of the parameters Ex, Cv and Cs. In the
practical application, considering the possible influence of dif-
ferent kernel density function selection on diagnostic results, it
would be better to use different kernel functions with different
smoothing parameters to fit the parameter estimation samples
and chose the optimal one based on some appropriate goodness
index.
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